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Abstract Motivated by the fast Pauli block transforms (or matrices) over the finite
field G F(q) for an arbitrary number q, we suggest how to construct the simplified
quantum code on the basis of quadratic residues. The present quantum code, which is
the stabilizer quantum code, can be fast generated from an Abelian group with com-
mutative quantum operators being selected from a suitable Pauli block matrix. This
construction does not require the dual-containing or self-orthogonal constraint for the
standard quantum error-correction code, thus allowing us to construct a quantum code
with much efficiency.
Keywords Pauli block matrix · Quadratic residues · Abelian group ·
Quantum error correction code
1 Introduction
The Legendre symbol have already been applied in signal processing, image
compression, communications and information, etc. [1,2]. Since the Legendre
symbol can be calculated easily, it plays an important role in encoding, cryp-
tography, and so on. However, it is difficult to enrich the applications of the
Legendre symbol due to the complexity of the construction processing in terms
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of its characteristics. Thus, it is a challenge to design an efficient approach to
search for the application of the Legendre symbol in terms of matrices or trans-
forms.
Provided an arbitrary finite field G F(q), Euler’s criterion Lq(x) for the Legendre
symbol is defined by Lq(x) = x q−12 mod q, where q is a power of an odd prime
number. Namely, Lq(0) = 0, Lq(x) = 1 if x = y2 for some element y ∈ G F(q), and
Lq(x) = −1 if x = y2 for any element x ∈ G F(q). Based on quadratic residues in
G F(q), one obtains a matrix Qq = (ai j )q×q with elements ai j = Lq(i − j). Taking
any two rows of Qq , i.e., ai = (Lq(x0),Lq(x1), . . . ,Lq(xq−1)), ai+s = (Lq(x0 +
s),Lq(x1 + s), . . . ,Lq(xq−1 + s)) for s = 0, it is easy to prove that ai · ai+s =
∑q−1
i=0 Lq(xi )Lq(xi + s) = q − 1 mod q. This property can be elegantly used for
quantum signal processing [3].
Recently, there is a striking development in the stabilizer quantum error-correction
code (QECC), whose problem has been reduced to that of searching for the classi-
cal dual-containing codes [4–14]. The virtue of this approach is that this code can
be directly constructed from the classical codes with certain property, rather than
developing a new theory of QECC from scratch. Unfortunately, the need for dual-
containing codes presents a substantial obstacle to the quantum coding theory in its
entirety, especially in the context of modern codes, such as convolutional quantum
codes and low-density parity-check quantum codes [13]. To resolve this problem, we
consider the construction of codes over the finite field G F(q) by employing matrix
Qn based on the Legendre symbol. Namely, we first replace all entries of Qn with
some Pauli matrices [3], and hence obtain the Pauli block matrix denoted by Qn .
After that, we extend the yielded block matrices for the constructions of large-size
Pauli block matrices by using the recursive techniques [15–20], along with the Paley
matrices because of its smart constructions with Hadmard transforms and high order
Hadamard matrices [21]. Since all row-operations that are obtained from any rows of
Qn are independent and commutative, an Abelian group can be elegantly fast gener-
ated with efficiency, which may be used for combating against quantum noise or loss
in the multi-layer systems of the fractional quantum Hall effect [22]. Due to its beau-
tiful structure, a novel quantum code is fast generated via the stabilizer formalism.
This approach provides the great flexibility in designing quantum codes with large
code length, and hence allows for an advantage of being simply designed with low
complexity.
The structure of the paper is as follows. In Sect. 2, several Pauli block matrices are
constructed with fast algorithms. In Sect. 3, according to the smart properties of Pauli
block matrices, an Abelian group is generated with much efficiency. In Sect. 4, we
investigate the smart construction of the stabilizer quantum codes via the stabilizer
formalism. Finally, discussions and conclusions are proposed in Sect. 5.
2 Pauli block matrices
2.1 Pauli block matrices
Pauli matrices are defined by P = {σ j : 0 ≤ j ≤ 3}, where
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where i = √−1. For simplicity, we denote the 2 × 2 identity matrix σ0 by I in this
paper.
Definition 2.1 Denote Q = ([a]i j )k×t , then Q is a Pauli block matrix if and only if
all entries [a]i j belong to P , i.e., [a]i j ∈ P .
Based on the defined matrix Qq with respect to quadratic residues in G F(q), we pro-
pose an approach for constructing Pauli block matrices with entries σi , σ j ∈ P \ {σ0}.
In a simple way, it follows two Pauli block matrices, i.e.,
1) Q(1)q , which is constructed by replacing ‘0, 1’ in Qq with σi , and ‘−1’ with σ j .
2) Q(2)q , which is constructed by replacing ‘1’ in Qq with σi and ‘−1, 0’ with σ j .
If q = 4m + 3 for any positive integer m, then the (q + 1) × (q + 1) matrix can be
constructed as





where t denotes the all-1 column vector of the length q and Iq+1 is the (q +1)×(q +1)
identity matrix. As a result, there are two types of Pauli block matrices:
1) Q(1)q+1, which is constructed by replacing ‘0, 1’ in Qq+1 with σi , and ‘−1’ with
σ j .
2) Q(2)q+1, which is constructed by replacing ‘1’ in Qq+1 with σi , and ‘−1, 0’ with
σ j .
If q = 4m + 1 for any positive integer m, then one constructs the 2(q + 1)× 2(q + 1)

















Then, there is a Pauli block matrices, i.e., Q2(q+1), which is constructed by replacing
‘1’ in Q2(q+1) with σi , and ‘−1’ with σ j .
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Example 2.1 We consider G F(3) = {0, 1, 2} with the non-zero squares 12 = 1
mod 3 and 22 = 1 mod 3, and hence L3(0) = 0,L3(1) = 1, and L3(2) = −1. With














1 1 1 1
−1 1 1 −1
−1 −1 1 1









σi σi σ j
σ j σi σi








σi σi σi σi
σ j σi σi σ j
σ j σ j σi σi





Example 2.2 According to G F(5) with L5(1) = L5(4) = 1 mod 5 and L5(2) =
L5(3) = −1 mod 5, if the rows and columns of the matrix Q5 are indexed by G F(5),








0 1 −1 −1 1
1 0 1 −1 −1
−1 1 0 1 −1
−1 −1 1 0 1


















R0 R+1 R+1 R+1 R+1 R+1
R+1 R0 R+1 R−1 R−1 R+1
R+1 R+1 R0 R+1 R−1 R−1
R+1 R−1 R+1 R0 R+1 R−1
R+1 R−1 R−1 R+1 R0 R+1
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σi σi σ j σ j σi
σi σi σi σ j σ j
σ j σi σi σi σ j
σ j σ j σi σi σi


















R0 R+1 R+1 R+1 R+1 R+1
R+1 R0 R+1 R−1 R−1 R+1
R+1 R+1 R0 R+1 R−1 R−1
R+1 R−1 R+1 R0 R+1 R−1
R+1 R−1 R−1 R+1 R0 R+1
















, R0 = R−1 =
(
σi σ j
σ j σ j
)
.
Example 2.3 We consider G F(7) = {0, 1, 2, 3, 4, 5, 6} with L7(1) = L7(2) =
L7(4) = 1 and L7(3) = L7(5) = L7(6) = −1 because of 12 = 62 = 1
mod 7, 32 = 42 = 2 mod 7, and 22 = 52 = 4 mod 7. When the rows and col-













0 1 1 −1 1 −1 −1
−1 0 1 1 −1 1 −1
−1 −1 0 1 1 −1 1
1 −1 −1 0 1 1 −1
−1 1 −1 −1 0 1 1
1 −1 1 −1 −1 0 1


























1 1 1 1 1 1 1 1
−1 1 1 1 −1 1 −1 −1
−1 −1 1 1 1 −1 1 −1
−1 −1 −1 1 1 1 −1 1
−1 1 −1 −1 1 1 1 −1
−1 −1 1 −1 −1 1 1 1
−1 1 −1 1 −1 −1 1 1
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σi σi σi σ j σi σ j σ j
σ j σi σi σi σ j σi σ j
σ j σ j σi σi σi σ j σi
σi σ j σ j σi σi σi σ j
σ j σi σ j σ j σi σi σi
σi σ j σi σ j σ j σi σi


























σi σi σi σi σi σi σi σi
σ j σi σi σi σ j σi σ j σ j
σ j σ j σi σi σi σ j σi σ j
σ j σ j σ j σi σi σi σ j σi
σ j σi σ j σ j σi σi σi σ j
σ j σ j σi σ j σ j σi σi σi
σ j σi σ j σi σ j σ j σi σi














2.2 Fast constructions of pauli block matrices
To construct the large-order Pauli block matrices, we should introduce the Kronecker






a11 B a12 B · · · a1l B
a21 B a22 B · · · a2l B
· · · · · · · · · · · ·





With a little abuse, we denote the Kronecker product by using the notation ‘⊗’ through-
out this paper.
Lemma 2.1 According to the Kronecker product of any two block matrices A and B,
one has the following properties
(A⊗B)T = AT ⊗BT ,
(A⊗B) · (C⊗D) = (A · C)⊗(B · D),
(A⊗B)⊗C = A⊗(B⊗C),
(A+B) ⊗ C = A⊗C + B⊗C,
A⊗(B + C) = A⊗B + A⊗C. (15)
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Lemma 2.2 Let C be an m × m symmetric Conference matrix [21]. For two n × n
Hadamard matrices A and B, the matrix
R = A ⊗ C + B ⊗ I (16)
is Hadamard matrix, if and only if
A · BT + B · AT = 0. (17)
In particular, all entries of A and B satisfy aii = −bii and ai j = bi j for i = j .











Proof To check the matrix R is Hadamard, it should satisfy the condition R · RT = I .
According to Eq. (16), we obtain
RT = AT ⊗ CT + BT ⊗ I, (19)
where X T denotes a transpose of the matrix X . From the statement of Paley matrices
[21], one has
S · ST= (A ⊗ C + B ⊗ I )(AT ⊗ CT + BT ⊗ I )
= (A ⊗ C)(AT ⊗ CT ) + (B · BT ) ⊗ I
+(A · BT ) ⊗ C + (B · AT ) ⊗ CT . (20)
Since CT = C, AT = A and CT = C , it is evident that the matrices C, A, B and
A ⊗ C are all orthogonal matrices. Thus, we obtain
R · RT = (A · BT + B · AT ) ⊗ C + I. (21)
Namely, we have R · RT = I , if and only if
A · BT + B · AT = 0, (22)
which holds the relations of two matrices A and B for n = 2 expressed in Eq. (18).
Making use of the above Paley construction approach to obtain the high order
Hadamard matrices for our construction, we derive the relationship for two Hadamard
matrices A and B that can be useful while constructing the matrix Q2(q+1) in the finite
field G F(q), and hence the Pauli block matrix Q2(q+1).
Definition 2.2 The pair (A, B) of Hadamard matrices is called as the matched matri-
ces if and only if Eq. (22) holds.
Based on above discussion, Paley construction can be summarized as follows.
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1) The pair (A, B) of two Hadamard matrices A and B is matched.
2) The Conference matrix C must be selected properly to ensure the constructed
matrix R satisfy the restriction condition, i.e., R · RT = I .
If we extend the matched pairs to more couples, the corresponding matrices in terms
of Paley construction approaches can be generalized with much efficiency. Now, we
investigate the constructions of more matched pairs with two statements.
Proposition 2.1 If the pair (A, B) is matched and D is a Hadamard matrix, then the
pair (A ⊗ D, B ⊗ D) is matched.
Proposition 2.2 If two matrices X and Y are both n ×2n matrices and the composite












Making use of the kronecker product of Pauli block matrices [15–20], a family of
Pauli block matrices may be extended with the fast algorithm.
Theorem 2.1 Suppose Qq and Qp are two Pauli block matrices defined in the respec-
tive finite fields G F(q) and G F(p). For any nonnegative integer numbers s and m,



































Proof Based on an arbitrary Pauli block matrix Qr , the large-order Pauli block matri-









Irl−i ⊗Qr⊗Ir i−1 ,
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Table 1 Comparisons of the computation complexity of several related algorithms for constructing Pauli
block matrices
Direct approach (Qn ) Proposed algorithm (n = pm ) Proposed algorithm (n = qs pm )
Add. (n − 1)n (p − 1)nm (p + q − 2)n
Mul. n2 u pnm u pmn + uq sn
For simplicity, Add. and Mul. denote the number of additions and multiplications. u p or uq expresses the
number of non-identity matrices in Pauli block matrices
where r ∈ {p, q} and l ∈ {s, m}. According to the properties of the Kronecker product,
it is easy to calculate
Qqs pm = Qqs ⊗ Qpm = (Iqs ⊗Qpm ) · (Qqs ⊗Ipm ),
and then this completes the proof of the theorem.
According to the above discussions, the large order Pauli block matrices can be
constructed with the fast algorithm by employing Pauli Block matrices Qn in two
finite fields G F(p) and G F(q) with respect to the Kronecker product expressed in
Eq. (24). The computational complexity of the proposed algorithm is shown in Table 1.
As an example, the construction of Q15 = Q3 ⊗Q5 is depicted in Fig. 1. According to
Table 1, the computation of the combined Pauli block matrix Q15 requires 26 additions
and 34 multiplications. Compared with the direct computation approach, the proposed
algorithm is obviously faster.
It is necessary to note that the Pauli block matrix Q can be fast constructed with
fast algorithms. The yielded matrix is important in this paper since it will be elegantly
utilized for the constructions of the stabilizer quantum codes in next section. Although
it does not seem to have a direct impact on the characteristics of the proposed quan-
tum codes, it proposes an elegant approach to reduce the process of encoding while
designing the stabilizer of quantum codes in an Abelian field.
3 Abelian groups generated from Pauli block matrices
We denote P⊗n the set of n-fold tensor products (the Kronecker product) of Pauli
operators (matrices) in P . Then P⊗n , together with possible multiplicative factors in
{±i,±1}, form a group of n-qubit operations, denoted by Gn . An arbitrary operation
αu ∈ Gn can be uniquely expressed by [3]
αu = iλ[σ xu11 σ zu12 ] ⊗ · · · ⊗ [σ xun1 σ zun2 ], (25)
where xut , zut ∈ {0, 1} for 1 ≤ t ≤ n. Omitting factor iλ, we denote αu by a concate-
nated 2n-dimensional vector αu [12],
αu = (xu |zu) = (xu1, . . . , xun |zu1, . . . , zun). (26)
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Fig. 1 Signal flow graph of the fast Pauli block transform for matrix Q15.
The Hamming weight of αu is the number of (xuh |zuh)(1 ≤ h ≤ n) such that
(xuh |zuh) = (0|0). The symplectic inner product of any two vectors αu = (xu |zu) and
αv = (xv|zv) is defined by
αu · αv = xu · zv + zu · xv, (27)
where xu · zv = ∑ni=1 xui zvi and zu · xv =
∑n
i=1 zui xvi . According to Ref. [12], two
operations αu and αv commute if and only if
αu · αv = 0. (28)
The symplectic inner product of two vectors is important since it can be used con-
veniently to search for generators of an Abelian subgroup S ⊆ Gn .
Assume that each row of a Pauli block matrix Qn is denoted by (σi1 , . . . , σin ) for
1 ≤ i ≤ n, from which an n-qubit operation, called as the row operator, can be
obtained as
αi = σi1 ⊗ · · · ⊗ σin . (29)
Based on properties of the Kronecker product [15,16,19], we achieve the commu-
tativity of row operators for Pauli block matrices Qn .
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Theorem 3.1 For Pauli block matrices Qn yielded in the finite field, independent row
operators constructed from rows of Qn are all commuting, and hence generate an
Abelian group.
Proof According to Pauli block matrices Qn that are constructed by substituting Pauli
matrices for the entries of matrices Qn in previous section, one obtain the n-qubit
operations from all rows of Qn , which can be expressed by the concatenated vectors
in Eq. (26). As a result, an n×2n matrices (Hx |Hz) can be constructed from these vec-
tors. According to the properties of the Hadamard matrices or the combined matrices
R with the pair (A, B), it is easy to calculate
Hx · H Tz + Hz · H Tx = 0 mod 2,
which implies that all independent n-qubit row operators of Qn are commuting [11].
Corollary 3.1 Considering any two given Pauli block matrices Qpm and Qqs , all inde-
pendent (qs pm)-qubit row operators of the Kronecker product Qqs pm = Qpm ⊗ Qqs
are commuting.
Example 3.1 According to the finite field G F(2) = {0, 1} with the non-zero squares
12 = 1 mod 2, we have L2(0) = 0 and L2(1) = 1. With the rows and columns of a














which is the smallest sized Pauli block matrix for our construction. Taking i = 1 and
j = 3, one has the concatenated matrix






It is easy to check that H x2 · H z2 T + H z2 · H x2 T = 0 mod 2, which means that two row
operators of Q(2)2
α1 = σ1 ⊗ σ3, α2 = σ3 ⊗ σ1,
are commuting.
123
622 R. Shi et al.
Example 3.2 Taking i = 1 and j = 3 for the Pauli block matrix Q(1)3 , one has the
concatenated matrix








It is obvious that H x3 · H z3 T + H z3 · H x3 T = 0 mod 2, and hence three row operators
of Q(1)3
α1 = σ1 ⊗ σ1 ⊗ σ3,
α2 = σ3 ⊗ σ1 ⊗ σ1,
α3 = σ1 ⊗ σ3 ⊗ σ1,
are commuting. In a similar way, from the Pauli block matrix Q(1)4 for i = 1 and














from which it is easy to check that all row operators of Q(1)4 are also commuting. In




















It means that five row operators of Q(1)5 for i = 1 and j = 3 are commuting. Further-
more, let i = 1 and j = 3 in Q12, and then one obtains the concatenated matrix
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It shows that all row operators of Q(1)12 are commuting.
Example 3.2 Taking i = 1 and j = 3 for the combined Pauli block matrix










σ1 σ1 σ2 σ3 σ3 σ1
σ2 σ1 σ1 σ1 σ3 σ3
σ1 σ2 σ1 σ3 σ1 σ3
σ3 σ3 σ1 σ1 σ1 σ2
σ1 σ3 σ3 σ2 σ1 σ1










one has the concatenated matrix
























which shows that all row operators of Q6 are commuting.
4 Quantum codes based on Pauli block matrices
On the basis of the stabilizer formalism, we construct quantum codes C(S) by using
Pauli block matrices Qn with commutative row operators, from which n − k indepen-
dent row operators can be selected as generators of an Abelian group S.
For an Abelian subgroup S of Gn , the stabilizer quantum codes C(S) is a set of
n-qubit quantum states {|ψ〉} associated with S, i.e.,
C(S) = {|ψ〉 : M |ψ〉 = |ψ〉,∀M ∈ S}, (39)
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which is the subspace fixed by S (called as the stabilizer). For an [[n, k, d]] stabilizer
quantum code, which encodes k logical qubits into n physics qubits, C(S) has dimen-
sion 2k and S has 2n−k independent operators. The present quantum code can correct
tc =  d−12  quantum errors and detect td = d − 1 quantum errors.
To construct such a quantum code, the sticking point is to search for an Abelian
group, the stabilizerS, from which the code C(S) can be structurally generated through
Eq. (39).
Theorem 4.1 For the yielded (combined) Pauli block matrix Qn in the finite field,
quantum code C(S) can be generated via the the stabilizer formalism with parame-
ters [[n, k, d]], where the stabilizer S is a set of n-qubit operators selected from n − k
independent rows of Pauli block matrix Qn.
Proof Suppose that there are r(r ≥ n −k) independent rows of Qn . Then n −k gener-
ators of the stabilizer S can be generated by selecting n−k rows from these r indepen-
dent rows of Qn provided n − k ≤ r . Namely, any n − k operators αi1 , αi2 , . . . , αin−k
can be selected to generate an Abelian group
S = 〈αi1 , αi2 , . . . , αin−k 〉,
which is a stabilizer in essence. By making use of Eq. (39), an stabilizer quantum
code [[n, k, d]] can be generated from S. According to the quantum Singleton bound
proposed in Ref. [12], it follows that k ≤ n − 2d + 2. This completes the proof of the
theorem.
Example 4.1 We consider the Pauli block matrix Q5 with the concatenated matrix
H5 = (H x5 |H x5 ) being described in Eq. (35). It is known that all rows of H5 are inde-
pendent. Thus, any 5 − k rows of H5, denoted by H5 = (hx5 |hz5), can be selected to
generate the stabilizer S with 5 − k generators. According to the construction con-
ditions of quantum codes in Ref. [11], we get the generator matrix of quantum codes
G5 = (gx5 |gz5) satisfying
hx5 · gz5 + hz5 · gx5 = 0, (40)
which can be rewritten as






. To construct such a quantum code, we assume that there
exists one unitary matrix U such that
U (h R) = (I(5−k)×(5−k)|(5−k)×(5+k)).
According to Eq. (41), the generator matrix G5 is calculated
G5 = (T(5−k)×(5+k)|I(5+k)×(5+k)), (42)
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from which quantum codes can be constructed with the parameters [[5,0,4]], [[5,1,2]],
[[5,2,1]], [[5,3,1]], and [[5,4,1]].








































Therefore, a quantum code [[5, 1, 2]] can be constructed from Eq. (44), where d = 2,
the Hamming weight of G5, can be calculated from the Hamming weight of the bitwise
or of gx5 with g
z
5. It is the smallest code that can be not used for correcting any quantum
errors, but for detecting only one quantum error in imperfect quantum channel.
Example 4.2 Considering the Pauli block matrix Q(2)2 with the concatenated matrix
H2 = (H x2 |H x2 ) in the field G F(2), we select one row of H2, denoted by H2 =
(hx2 |hz2) = (10|01), from which we generate the stabilizer S with only one generator.









Therefore, we can construct a quantum code with the parameters [[2, 1, 1]]. It is known
that this code can not correct or detect any quantum errors in the imperfect channel.
However, based on the present 2-order Pauli block matrix Q2, one may obtain the com-
bined 2m-order Pauli block matrices Q2m , from which the stabilizer quantum codes
[[2m, k, 2]] can be constructed with one-error-detecting capability [23].
Example 4.3 According to the Pauli block matrix Q(1)3 with the concatenated matrix
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from which we obtain the stabilizer S of a quantum code with two generators. Namely,














It is obvious that the proposed quantum code has the parameters [[3, 1, 1]]. It also
has no error-correction or error-detection capability. However, based on the combined
Pauli block matrices Q3m , we can always construct the quantum codes with the param-
eters [[3m, k, d ≥ 2]].
Example 4.4 We consider the Pauli block matrix Q(1)7 for i = 1 and j = 3 with the






























For any six rows of H7, we may construct a quantum codes with the parameters
[[7, 1, 3]].
Example 4.5 We consider the Pauli block matrix Q6 with the concatenated matrix


















































from which a quantum code can be constructed with the parameters [[6, 1, 2]].
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Example 4.6 Suppose n = 12, and then we consider Pauli block matrix Q12 for i = 1
and j = 3 with the concatenated matrix H12. It has been shown that all rows of H12
are independent and commutative. Selecting any 12 − k (0 ≤ k ≤ 12) row operators
αi1 , αi2 , . . . , αi12−k from Q(1)12 , we obtain the stabilizer S = 〈αi1 , αi2 , . . . , αi12−k 〉, from
which quantum codes can be constructed with the parameters [[12,0,4]], [[12,1,4]],
[[12,2,4]], [[12,3,3]], [[12,4,3]], [[12,5,3]], [[12,6,2]], [[12,7,2]], [[12,8,2]], [[12,9,2]],
[[12,10,2]], and [[12,11,2]].
5 Conclusion
A family of the stabilizer quantum codes is investigated with fast Pauli block trans-
forms on the basis of quadratic residues in the finite field G F(q). The present approach
has the advantage of being fast encoding in terms of constructing the stabilizer. To gain
the stabilizer of quantum codes, we investigate the construction approaches based on
the designation of several Pauli block matrices with commutative row operators. The
large-order Pauli block matrices can be structurally constructed via the fast Pauli block
constructing (decomposing) transforms based on the recursive relationship of identity
matrices and successively lower-order Pauli block matrices. These Pauli block matri-
ces have such characteristics that all row operators are independent and commutative,
which can be perfectly used for generating an Abelian operator group and hence for
designing the stabilizer of our quantum codes. Furthermore, an instructive approach
for smart constructions of quantum codes is suggested via the stabilizer formalism
with respect to the yielded Abelian group S on the basis of the n-order Pauli block
matrices Qn .
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